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THE NON-MICROSTATES FREE ENTROPY 
DIMENSION OF DT-OPERATORS 

LARS AAGAARD 



Abstract. Dykema and Haagerup introduced the class of DT- 
operators jDHlj and also showed that every DT-operator generate 
L(F2) [DH2J, the von Neumann algebra generated by the free group 
on two generators. In this paper we prove that Voiculescu's non- 
microstates free entropy dimension is 2 for all DT-operators. 



1. Introduction 
The class of DT-operators was introduced by Dykema and Haagerup 



< 

o 

a: 

in [DHlJ. For n G N let M n (C) be the space of n x n-matrices with 
entries being random varibles over a classical probability space having 
moments of all orders. Let r n : M n (C) — > C be the expectation of the 
normalized trace on M n (C). Then (M n (C),r n ) is a *-noncommutative 
• probability space. 

! Let n be a compactly supported Borel-measure on C and let c > 0. 

^ \ Let D n G M„(C) be diagonal matrices with i.i.d diagonal entries all 

having distribution fi. Let T n G M n (C) be strictly upper triangular 
matrices such that the n{n — 1) real and imaginary parts of the entries 
above the diagonal consists of a family of i.i.d. centered gaussian ran- 
dom variables with variance l/2n. Define Z n = D n + cT n . Let Z be 
an element in a *-non-commutative probability space, (M, r). Z is a 
DT(/i, c)-element if its *-moments, r(Z ei Z t2 ■ ■ ■ Z ek ), is determined by 
the the limit 



(1-1) limr n (^^---^) 

for all k G N and ei,...,ejt G {!,*}. The limit (jl.lll always exists 



[DHlJ Th. 2.1]. 

A DT(/i, c)-operator is a DT(/x, c)-element constructed in a Im- 
probability space, and a DT-operator is a DT(/x, c)-operator for some 
H and c. Haagerup and Dykema has shown |DH2| that actually every 
DT-operator generate a von Neumann algebra isomorphic to L(F 2 ), the 
von Neumann algebra generated by the free group on two generators. 

Voiculescu has introduced two kinds of entropy; a microstates free 

entropy, Xi an d a non-microstates free entropy, x* ? an d he conjectures 

l 
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that x — X* • Following the definition of the microstates free entropy 
dimension, 5, from x we define the non-microstates free entropy dimen- 
sion, <5*, similarly from x* ■ So if x. — X* then of course 5 = 5*. 

Sniady has shown a formula |Sn| for the microstates free entropy of 
DT-operators. In particular it follows from his results that a DT(5 , 1)~ 
operator or upper triangular operator which is also just the limit in 
♦-moments of the T' n s above, has microstates free entropy — oo. This 
makes it an interesting problem to compute the free entropy dimension 
of this operator since — oo-microstates entropy is the only chance that 
the microstates entropy dimension can be less than 2. We prove the 
following theorem 

Theorem 1.1. Let fj, be a compactly supported Borel measure on C, 
let c > and let Z be a DT(/x, c) -operator. Then 

(1.2) 5*(Z) = 2. 

We also consider 5*(-, 25), the non-microstates free entropy dimension 
with respect to an algebra, 25, and we show that 5*(ai, . . . , a n : 25) 
of self-adjoint variables ai, . . . , a n can only be different from n if the 
non-microstates free Fischer information, $*(ai, . . . , a n : 25), is +oo. 

Acknowledgements. It is a great pleasure for me to thank my advi- 
sor Professor Uffe Haagerup for suggesting the problem to me and for 
stimulating and fruitful discussions on the subject. I would also like to 
thank Peter Ainsworth for letting me publish the results in the appen- 
dix in this paper. Finally I would like to thank A. Nica for pointing 
out the reference [NSS2j . 

2. Review on free Fischer information 

The following review on free Fisher information can be read out 
of [NSSlj . |NSS2] and |Sp2| . Free Fischer information was originally 
introduced by Voiculescu in |Voilj . |Voi5| and further investigated in 

12251. 

In this section we will, unless otherwise stated, let (A, <fi) be a Im- 
probability space with a faithful, normal trace, let 1 G 25 c A be 
a unital VF*-sub-algebra. Also we let E% : A — » 25 be a conditional 
expectation such that (25 c A, E^) is a 25-probability space compatible 
to (A,4>) in the sense that (f> = (p o E%. Let L 2 (A,4>) be the Hilbert 
space completion of A with respect to the norm ||a||^ = a/ 4>(a*a) for 
a G A. 

If X is a subset of A then L 2 (X, 0) will denote the L 2 -completion, 
alg(X, X*)" of the unital *-algebra generated by X. 
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We define a self-adjoint family, (aj)j 6 j C A, to be a family of opera- 
tors such that for alH G / there exists j G I such that a* = cij. 

Definition 2.1. Let (A, 0) be a W* -probability space with a faithful 
trace. Let 1 G 23 C A be a unital lV*-sub-algebra, and let (<ii)i^i 
be a self-adjoint family of random variables in A. Then a family of 
vectors (£)i S j from L 2 (A,(j)) fulfills the conjugate relations for (cij)j e j 
with respect to 23 if 

(2.1) (f){£ib a h bia i2 ■ ■ ■ a ir b n ) 

n 

= ^aXMu ■ • • o im _ l 6 m _ 1 )0(6 m a im+1 6 n H-i ■ ■ ■ a in b n ), 

m=l 

for every n > 0, bo, bi, . . . , b n G B and i, i±, i 2 , ■ ■ ■ i n G /. 

A family of vectors (£i)«e/ C L 2 (A, 0) is said to be a conjugate system 
for a self-adjoint family of operators, (aj)j G / C A, with respect to 23 
if it satisfies the conjugate relations (|2.1j) and if furthermore C 

L 2 ((a 4 ) ie/ UB,0). 

Remark 2.2. (a) The above definition is to be understood as 4>(£ib) = 

for all i E I. Since 23 is unital we thus have = for all 

1 G /. 

(b) If a conjugate system (£i)j e / exists then it is unique since (|2.1jl 
is a prescription for taking inner products with monomials of 
the form b^a^bia^ ■ ■ ■ di n b n from L 2 ((aj)j e / U 23, 0), so the inner 
product of an element from (&)iej with an arbitrary element 
from L 2 ((di)i e i U 23, 0) is completely determined. 

(c) If one can find (£)ie/ that fulfills the conjugate relations, (|2.1jl . 
for a self-adjoint family, (a$)i e j C A, with respect to a unital 
sub-algebra 23 of A, then if P : L 2 {A, 0) -> L 2 ((ai) 4G/ U 23, 0) is 
the Hilbert space projection then (PCdiei i s a conjugate system 
for (aj)j g / with respect to 23. 

(d) If (ctj)™ =1 are all self-adjoint then Voiculescu originally denoted 
the conjugate variables of (aj)™ =1 with respect to 23 by 

J {cii : 23[ai, . . . , Oi_i, a*+i, . . . ,a n ]) 

for i G {1, . . . , n}. 

Definition 2.3. Let (.A, 0) be a W* -probability space with a faith- 
ful trace. Let 23 c A be a unital VT*-sub-algebra, and let (aj)i 6 / be 
a self-adjoint family of random variables in A. If (aj) ig / has a conju- 
gate system, (£)iej, with respect to 23 then we define the free Fischer 
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information of (ctj)j e j with respect to B as: 
(2-2) **((a*W:23)=Eli*- 

If no conjugate system exists for (aj) ie / with respect to H> we define 
$*((ai) ie/ : B) = +00. If 3 = CI then we define 

$*((ai)i 6 j) = $*((ai) i6 j : CI), 

and we call this the free Fischer information of (oi)i^i. 

Remark 2.4. (a) If (Ci)ie/ satisfies the conjugate relations for a self- 
adjoint family (a^gj C .A with respect to 23 and if P : L 2 (>A, 0) - 
L 2 ((aj) ig /UB, <fi) is the Hilbert space projection then by remark 
12.21 (c) we know that (P£i)iei is a conjugate system for (cij) ie / 
with respect to 23 and since projections are norm decreasing we 
conclude that 

(2-3) £116111- 

iei 

(b) If r G 1 is a strictly positive scalar then one easily sees that 
if (cij)i e .f C A is a self-adjoint family of random variables with 
conjugate system (£«)«<=/ then (-£»)iej is a conjugate system for 
(rai) ie i and thus 

(2.4) $*((ra^ e/ : B) = l$*((a^ G / : B). 

(c) The free Fischer information respects inclusion of sub-algebras 
in the following sense. If (A, (p) is a W* -probability space and 
1 G Si C !B 2 are to unital iy*-sub-algebras then if (cij)j G / C A 
is a self-adjoint system then 

(2.5) $*((ai)i 6 j : Bi) < $*((a,) ie7 : B 2 ) 

because if a conjugate system for (a^jgj exists with respect to 
B 2 then this conjugate system will also satisfy the conjugate 
relations for (ctj)j e j- with respect to Bi, and hence (12.51) follows 
from (I2.3jl in (a). 



The following theorem is a special case of jNSS2[ Th. 4.1]. Concern- 
ing cumulants we adopt the tensor-product notation of |Spl|. 



FREE ENTROPY DIMENSION OF DT-OPERATORS 



Theorem 2.5. |NSS21 Th. 4.1] Let (A, (ft) be a W* -probability space 
where <fi is a faithful, normal trace and let (23 C A,E$) be a Hi- 
probability space compatible to (A, (ft). Let (ai)i & j be a self-adjoint fam- 
ily of random variables in A. Then satisfies the conjugate rela- 
tions for {di)i£i with respect to 23 if and only if 
(2.6) 

m , . , . J 5jj,0(&o)l for n — 1 

«„+i(& ®s Mil ®2 Mi 2 ® B • • • ®s o„_ia in ) = < 

/or n^t 1. 



5 S Mia ®B • • • <8>s ^n-lQir, 

/or a/i 6q, . . . , o n _i G 23 and z, z'i, . . . z„ G /. 



Remark 2.6. Consider a non-self-adjoint random variable a6 A Then 
a conjugate system for (a, a*) must have the form (£,£*) because of 
the tracial properties of and the conjugate relations, (|2.1j) . From 

theorem 12.51 it is easy to see that (^§-j — f^"J * s a conjugate system 



for 



a+a a— a 



with respect to 23 so we conclude that 

= m\i+m\i = Hco+mi 





V 


2 

2 

+ 






i y/2 



q+q a— a 



y/2 ' iV2 



Combining with (12. 4j) of remark 12.41 we have 

2<F(a,a*) = $*(3to,5a). 

3. NON-MICROSTATES FREE ENTROPY DIMENSION 

The non-microstates free entropy for several self-adjoint random vari- 
ables was originally defined by Voiculescu. 

Definition 3.1. |Voi^ Def. 7.1] Let (a;)f =1 C A be a collection of 
self-adjoint random variables in a W* -probability space (A, (ft) where 
is a faithful normal tracial state, and let 1 G 23 C A be a unital 
W / *-sub-algebra of A. The non-microstates free entropy of (aj)™ =1 with 
respect to 23 is then defined as 



(3.1) Y*K- 

~ 2 
where Si , 



a n : 3) 



n 



t f ^*(a 1 + VtS 1 ,...a n + VtS n )dt+^\og(2ne) 



, , S n are standard semicircular elements such that {Si}, 
and {alg((aj)" =1 U 23)} are free sets. 

The following property of x* is shown by Voiculescu in |Voi5j . 



{Sn} 
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Proposition 3.2. [ Voi5l Prop 7.2] Let K)? =1 , 23, A, (S;)? =1 and <p be 
as in definiUon Vi.il Let C 2 = 0(a 2 + ■ ■ ■ a 2 ). Then 

(3.2) X *K • • • , a n : 23) < f log(2vr e n" 1 ^ 2 ). 

In |Voi2| Voiculescu defined the microstates free entropy dimension. 
We consider the non-microstates free analogue. 

Definition 3.3. Let (cti)™ =1 C A be a collection of self-adjoint random 
variables in a W^* -probability space (A, <fi) where is a faithful normal 
tracial state, and let 1 G 23 C .A be a unital W* -sub- algebra of A. The 
non-microstates free entropy dimension of (dj)™ =1 with respect to 23 is 
defined by 

X*(ai + eSi, . . . ,a n + eS„ : 3) 



(3.3) 5*(ai, . . . , a n : 23) = n + limsup 



e-*0 



loge| 



where Si, . . . , S n are standard semicircular variables such that {Si}, . . . , {S n } 
and {(a,)" =1 U 23} are 0-free. 

An easy upper bound of the non-microstates free entropy dimension 
follows from proposition 13.21 



Proposition 3.4. Let (a.j)™ =1 C A be a collection of not all zero self- 
adjoint random variables in a W* -probability space (A, (f>) where (ft is a 
faithful normal tracial state, and let 1 G 23 C A be a unital W* -sub- 
algebra of A. Let (Si)f =1 be a standard semicircular family (fi-free from 
(ai)f =1 . Then 

(3.4) 5*(ai,...,a n :-B) <n. 

Proof Let C 2 = <p(a\ + • • • a 2 n ) > 0. Then 

0((ai + eSi) 2 + ■ ■ ■ + (an + eS n ) 2 ) = C 2 + ne 2 , 
so we infer from (13 .2 J) of proposition 13.21 that 

X*(ai + eSi, . . . , a n + eS n : 23) 



5*(ai, . . . , a n : 23) = n + limsup 

< n + lim sup 

= n, 



I log e| 

f log(27ren- 1 (C 2 + e 2 n)) 
I loge| 



since C is strictly positive. □ 

A lower bound of the non-microstates free entropy dimension can 
be estimated from the non-microstates free Fischer information in the 
following sense. 
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Proposition 3.5. Let (cij)™ = i C A be a collection of self-adjoint ran- 
dom variables in a W* -probability space (A, <p) where <p is a faithful 
normal tracial state, and let 1 G 25 C A be a unital W* -sub-algebra of 
A. The non-microstates free entropy dimension of (cij)™ =1 with respect 
to ¥> is bounded from below by 



5*(ai, . . . ,a n : S) > n - limsup^^a! + VtS u ...,a n + VtS n : £)), 



where Si, . . . , S n is a family of standard semicircular random variables 
such that {Si}, . . . , {S n } and {£ U (aj)™ =1 } are (fi-free. If the limsup 
on the right-hand side of | f .V. 5}) is convergent then inequality in 5\) 
becomes equality. 

Proof. We only show the inequality of (13 The last statement about 
equality follows by trivial modifications of the argument. Let A, B, <p, (a;)™ = 
and (Si)2 = i be as in the proposition. Define 



(3.5) 



a := limsup(t$*(ai + VtS 1 , ...,a n + VtS n : £)), 
and let e > 0. There exists an interval 5 > such that 



^*(ai + VtSi,...,VtS n :'B)< 



for all < t < 5. 



Using definition 13. II carefully implies 

(3.6) X *(ai + VSSi, ...,a n + V~5S n : B) 

- + VtSi, . . . ,a n + VtS n : S) 






l + s-8 



n 



l + s-t 



n 




for all < t < min{5, 1}, so 
X*(ai + VtSi, . . . , a n + VtS n : S) 
> X *(ai + V6Si,...,a n + V6S n :'B) 



a + e 



2 



log 5 — 



a + e 



2 



\ogt\. 
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From this we deduce that 

v • c X*( a i + ViSi, ...,a n + VtS n : 23) a + e 
hmmt : > , 

t-,o+ | log 1 1 _ 2 

and since e was chosen arbitrarily comparing to ()3.3|) implies that 

X *{a 1 + ViS 1 ,...,a n + ViS n : 23) 



6*(ai, . . . , a n : 23) = n + 2 lim sup 



log* | 



, or ■ ,X*(ai + V^ 1 ,...,a„ + Vi£n:£) 

> n + 2 lim mi : 

t^o+ | log 1 1 

> n — a 

= n — limsup(t$*(a! + y/tSi, . . . , a n + VtS n : 23)). 

□ 

We remark that it might be tempting to adopt the right-hand side 
of Ij3.5j) as the definition of the non-microstates free entropy dimen- 
sion with respect to 23. Voiculescu has shown the following Free Stam 
inequality. 

Proposition 3.6. |Voi5l Prop. 6.5] Let {a})f =1 , (af)f =1 C A be a col- 
lection of self-adjoint random variables in a W* -probability space (A, <p) 
where (f) is a faithful normal tracial state, and let 1 € 23 l5 23 2 C A be 
a unitalW*- sub- algebras of A. If alg((a l 1 )™ =1 , 23 x ) and alg((a^)" =1 , 23 2 ) 
are <p-free then 

(3.7) $*(a\ + a?, . . . , 4 + a* : ^*(23 1; 23 2 ))- x 

>$*(a},...,a^:a3 1 )- 1 + $*(a?,...,4:03 2 )- 1 

Combining the lower bound of 5* from proposition 13 . B| proposition 
13.41 and proposition 13.61 we have the following interesting which limits 
the free entropy dimension problem to the case of infinite free Fischer 
information. 

Corollary 3.7. Let (aj)™ =1 C A be a collection of self-adjoint random 
variables in a W* -probability space (A, 0) where is a faithful normal 
tracial state, and let 1 G 23 C A be a unital W* -sub-algebra of A. Then 

(3.8) $*(ai, . . . , a n : 23) < oo =^ <T(ai, . . . , a n : 23) = n 

Proof. Apply the Free Stam inequality ()3.7j) on the algebras alg((cij)™ =1 , 23) 
and alg((S'j)" =1 , C) and observe that 

limsupt$*(ai + VtSi, . . . , a n + VtS n : 23) < lim sup = 0, 

t^0+ t^0+ n + t 
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when a = $*(a l5 . . . , a n : 23) < oo. □ 



4. X* AND 8* FOR A NON-SELF-ADJOINT RANDOM VARIABLE 

We translate the results from section EH into the context of one non- 
self-adjoint variable by considering real and imaginary parts. Let (A, (j>) 
be I4 / *-probability space with a normal faithful tracial state, and let 
a G A be non-self-adjoint random variable. For the microstates free 
entropy we have x( a ) — 3a) |HP| Prop. 6.5.5] so it seems natural 

to define 

(4.1) X >:23):=y*0Ra,3a:23). 
and thus also 

(4.2) 5*{a: 23) :=o"*(Ka,3a: 23) 

Using proposition l3.5l we have the following corollary on non-microstates 
free entropy dimension of a single non-self-adjoint variable. 

Corollary 4.1. Let a G A be a non-self-adjoint family of random 
variables in a W* -probability space (A, <f>) where (ft is a faithful normal 
tracial state, and let 1 G 23 C A be a unital W* -sub- algebra of A. Then 
a lower bound of the non-microstates free entropy dimension of a with 
respect to 23 is 

(4.3) 5*(a : 23) > 2 - limsup(t$*(a + VtY, (a + VtY)* : 23)), 

where Y is a standard circular random variable *-free from a and 23. If 
the lim sup on the right-hand side of d4.3j ) is convergent then inequality 
in \4.5\) becomes equality. 

Proof. Just use (13 .5j) of proposition 13.51 on the self-adjoint variables 
9?a and 3a and substitute Si and S2 with a single circular random 
variable Y *-free from a such that ^| = S% and Y ~JC = S 2 . Then 
(13 becomes 

o"*(a: 23) = 5*(9&a, 3a : 23) 

> 2-limsup(t$*(3?(a + v / 2lr),3(a + V2tY) : 23) 



Now remark l2~6l implies (|4.3p . 



□ 
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5. Properties of DT-operators 
In this section we first review some basic properties of DT-operators 



which can be read out of [DHlJ and [DH2j. We then deduce some 
results relating several DT-operators and standard circular operators. 

From now on, unless otherwise stated, we let M be a von Neumann 
algebra equipped with a faithful, normal, tracial state, r, such that 
(M, r) is a W / *-probability space. We also assume that we are given 
an injective, unital, normal *-homomorphism A : L°°[0, 1] — > M, such 
that T oX(f) = Jo f(t)dt for / e L°°[0, 1]. We let D be the picture of 
L°°[0, 1] in M and let Ex> : M — >• D be the trace-preserving conditional 
expectation onto D. We will identify 2) and L°°[0, 1] and thus consider 
elements of D as L°° -functions. Assume also that (A A i )^ 1 C M is a 
standard semicircular family of random variables r-free from D. Then 
{W*{D\J{X i }))^ =1 are D-free with respect to E v . As in fTTFTTj (we also 



adopt the notation of |DHT]) we can now construct upper triangular 
operators, Tj = UT(Xj, A) for i 6 N. If D : x i— > x G D then Tj = 
U7(Xi, A) is the norm limit of 

(5.1) T« =^1^^ (D )X i l r 2 i (D ) 

j—l [ n 'n n ' 

as n -> oo [Dim Lemma 4.1]. It follows that T { e W*(T) U for 
alH G N so (Ti)^ x is a 2)-free family. (Tj, T/) is a centered D-Gaussian 
pair for all i G N |DH2l Appendix A] and it follows that (T^T*)^ is 
a centered D-Gaussian set in the sense of Speicher |SpH Def. 4.2.3]. 
Define for f E D 

(5.2) L*{f):x» [ f(t)dt and L(f) : x ^ / f(t)dt 

J0 Jx 



From the appendix of [DH2J it follows that the covariances are given 

by 

Lemma 5.1. [DH2l Appendix] Let f e D. Then 

(5.3) Ex,(TifT*) = L(f) and E V (T* fty = L* (/) , 

(5.4) £ :D (T i /T i ) = and Ex>(T* fT*) = 0, 
anc? (Tj)^ x is a D-*-free family with respect to Ex>. 

A DT(/i, c)-operator, as defined in the introduction, where /i is a 
compactly supported Borel measure on C and c > 0, can be realized in 
the PF*-probability space (M, r). 

Theorem 5.2. [DHL, Th. 4.4] Let T x = U7{X U A) where X 1 and A is 
as above, and let c > 0. Let f G L°°[0, 1] anc? define D = X(f). Then 
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D + cTi is a DT(/i, c) -element, where fi is the push-forward measure of 
the Lebesque-measure by f. 

There is a certain freedom in choosing D G D. 

Lemma 5.3. |DH1[ Lemma 6.2] Let /i be a compactly supported Borel 
measure on C. Then there is f G L°°[0, 1] whose distribution is jj, and 
such that if D = \(f) and if 7\ = UT(Xi, A) is as above, then for any 
c > D itself lies in the W* -algebra generated by D + cT\. 

Dykema and Haagerup also showed that surprisingly we have 

Theorem 5.4. fT7FT2l Th. 2.2] Let T x = U7{X U X) be as above. Lf 
D : x h-> x G D is the identity then D G W*(Ti). 

Summarizing on theorem IB . 2| lemma 15.31 and theorem 15.41 then a 
DT(/i, c)-element can be constructed as Z := D + cT x where the distri- 
bution of D G T> is /i, c > and T\ = UT(Xi, A). D can furthermore 
be chose n in s uch a way that D G W*(Z) = W*{T X ) = L(F 2 ). 

From fTTHTj we know that T { + T* = X { for alH G N. We will need 
a relation between upper triangular operators and standard circular 
variables, and for this we will use the following theorem which is a 
special case of a theorem of Nica, Shlya khtenk o and Speicher [NSS3J. 
The theorem as it is stated here is from |SnSp Th. 6]. 



Theorem 5.5. [NSS3J Let (M, r) be a probability space and (T> C 
M, Ex>) a D -probability space compatible to (M, r) and let X C M. 
Then X and D are free in (M, r) iff for every n> 1 and X\, . . . , x n G X 
there exists c n (xi, . . . , x n ) G C such that for every d\, . . . d n -\ E D we 
have 

K^(xidi ®D • • • ®D X n _i<i n -1 ®D X n ) 

= c„(xi, . . . , x n )r(dx) ■ ■ ■ r(d n -x)l 

If the above holds, we have 

Cn (%1 1 ■ ■ ■ i -En) ^ n j • • • j •^n) ■ 

Lemma 5.6. Let T\ = UT(Xi, A) and T 2 = 1XT(X 2 , A) be upper trian- 
gular operators, and let Y G M be a standard circular random variable 
*-free from T\ with respect to t. Then for a,b > 

(5.5) v^Tx + VbY *~~ L VaTbT! + VbT^. 

In particular T\ + T 2 * is a circular element. 

Proof. First we prove that if T 3 = 1XT(X 3 , A) is upper triangular then 
T 3 + T 2 is a standard circular variable with respect to r. We know that 
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T 3 + T 2 * is ©-Gaussian since T 2 and T 3 are 2)-free and the ^if-cumulants 
are given by 

K f((T 3 + T;) ®v d(T 3 + T 2 *)*) = L(d) + L*(d) = r(d)l 
K f((T 3 + T* 2 y ®v d(T 3 + T*)) = L*(d) + L(d) = r(d)l 
k?((T 3 + T*)®v d(T 3 + T 2 *)) = 

k?((t 3 + r;y ®v d(T 3 + t;y) = o 

for all d G D. We thus see from theorem 15.51 that actually T 3 + T 2 * is 
C-Gaussian with k, 2 -cumulants given by 

k£(T 3 + T 2 *, (T 3 + T 2 *)*) = «£((T 2 + T 3 *)*, T 2 + T 3 *) = 1 

4(T 3 + T 2 *, T 3 + T 2 *) = 4((T 3 + T 2 *)*, (T 3 + T 2 *)*) = 0. 

Hence T 3 + T 2 is a standard circular random variable. Furthermore 
theorem 15.51 implies that T 3 + T 2 is r-free from D. Since also T 3 + T 2 * 
is r-free from X\ we conclude that T 3 + T 2 is r-free from W*(X\, D) 
and in particular T 3 + T 2 is r-free from T\. Hence 

y/ET t + Vb(T 3 + T 2 *) v^T x + VbY, 

where Y is a standard circular random variable r-free from T\. 

Now we just have to observe that \faT\ + VbT 3 is also ©-Gaussian 
because of D-freeness of 7\ and T 3 . Since 

«?((Va7i + v^T,) ®d ^(v^T! + VbT 3 )*) = (a + 6)L(d) 

((Voli + v^T,)* ®d d(VaTi + v^T,)) = (a + 6)L* (d) 

K%{(VaT! + VbT 3 ) ®a> d^Ti + VbT 3 )) = 

«?((Va?i + VbT 3 )* ®d d(VaTi + v^Tg)*) = 0, 

we conclude that \faT\ + VbT 3 * y/a + 6Ti . Summarizing we have 
showed that 

v^Tx + v^F *~~ s *' v^TfeTx + VbT*, 
but this is exactly what the lemma states. □ 

The following two lemmas tells us that in the presence of the algebra 
D we can "cut out" the lower (and upper) triangular part of certain 
products and linear combinations of DT-operators. 

Lemma 5.7. Let D e D, c > 0. Let T x = U7{X 1 ,X) and T 2 = 
117 (X 2, A) be upper triangular operators. Then 

[D + cT u T 2 \ e W^TiXp + cT^Ta] + [(D + cTi)*, T 2 ])iy*(Ti)"" T . 
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Proof. Let D : x — > x be the identity-function in D. By theorem lF).4l we 



know that D e W*(Ti). Define the projections p. 



(n) 



for i - 
(5.6) 



lim 

n— >oo 



, n. If we can show that 



i— 1 i_ 

n ' n 



(Do) 



pT\[D + cT u T 2 ] + [{D + cT,)*, T;})pf ] - [D + cT 1; T 2 ] 



»J=1 



then the lemma follows immediately from the fact that Do £ W / *(Ti). 
From the construction of T\ in (|5.1|) we know that 

(5.7) T l= P^pf, 

l<i<j'<n 

for i — 1, 2, since we can just replace Tj in (j5.7j) by T„ from (|5.1j) and 
take the norm limit. Thus also 

l<i<k<j<n 

and since pf^Tip^ = for z > k and p^T 2 p^ = for > j we have 

l<i<j'<n 
l<fe<n 

= £ ^ (n)T i T ^ n) - 

l<i<j'<n 



For z > j 



Pi i-li-lPj ~ l^Pi 1 ±Pk 1 *Pj ~ S (n) T (n) T (n) • • 



because p^Tip^' = for i > k and p^T 2 Pj = for j < A;. For 
i ^ j we have pf^Dpf^ = since D commutes with the orthogonal 
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projections pf 1 ^ and p!j n \ so 



(D + cTi)T 2 - ^ pT\d + cTi)T 2 p'j 

l<i<j<n 



(n) 



.4=1 / \j = l 

Reversing the role of T\ and T 2 and subtracting we conclude that 
(5.8) [D + cT u T 2 ]- £ pf^ + cT^Jpf = p + d/W,yW] 



1< i<j<n 



where I7< n > = E^j^Ttf^ and ^ W = YT^xPf^P^ ■ But ||C/W| 



= ^because ||Ti|| = ||T 2 || = ^ [DH1, Cor. 8.11], so 

(5.9) \\[U^\ V^]\\ T < \\[U^\V^]\\ < 2 (||D|| + 

For i < j we have 

n 



fc=i 



because .D commute with the involved projections and since p\ T*p£ = 
for i < k and p^T^pj = for k < j. Reversing the role of (D+cTi)* 
and T 2 , summing and subtracting we have 

(5.10) P^KD + c^Y^pf =0. 

l<i<j<n 

Hence (|5.6j) follows from combining (15 M . (15 .9|) and (I5.1()jh □ 

Lemma 5.8. Let T\ = U7(X 1 , A) and T 2 = WT(X 2 , A) be upper trian- 
gular operators as in the beginning of the section. Let D G T> and let 
a,b E BL|_ be nonzero positive scalars. Then 

Ti, T 2 G W*(D + v^Tx + VbT* 2 \ V). 

Proof. We proceed as in the proof of lemma l5~7| and let D Q : x — > x be 
the identity- function in D. We only show that T% G W*(.D + \/aTi + 
v/fcTg, 2)), since the result for T 2 is obtained in a similar way. Define 
the projections p$ := lr»_i ji (-Do) for i = 1, . . . , n. Remember from 



n n 
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and that 



l<i<j<n 



1=1 



We have \ \U^\ \ < y/% and also 
(5.11) 



l<i<j'<n 



We conclude that 



lim 

n^oo 



< lim v^||?7 (n) || < lim a/— = 0. 



i,j=l 
i<j 



□ 



6. 5* FOR A DT-OPERATOR WITH RESPECT TO D 

Let Ti = U7(Xi, A), T 2 = UT(X 2 ,A) be upper triangular operators 
as in the beginning of section El Define Z = D + cTi e M where c > 
and D e T>. By theorem 15.21 Z is a DT(/x, c)-operator where // is the 
distribution of .D. Let F 6 M be a standard circular operator *-free 
from D and 7\ and thus also *-free from Z. By corollary 14. II we are to 
compute 

(6.1) 5*(Z : D) = 2-\im + (t<$>*(D+cT 1 + ViY, (D+c^ + VtY)* : £>)), 

where Y is a standard circular element *-free from T 1? if the limit exists. 
By lemma l5~6l we know that 



T x + VtY * ~ v / TTtT 1 + y/iTZ, 
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so using (|2.4|l of remark EH (jfi.lj) becomes 
5*(Z : D) 

= 2 - lim (t$*m + Vc 2 + tTi + vfe, (-D + Vc 2 + t7\ + VtT;)* : D)) 

= 2 - Urn $*(^L> + y^Ti + T 2 *, (^D + y^Tx + T 2 * )* : 2?) 
if the limit on the right-hand side exists. Define 

(s t , st) = Ud + sJ^t, + t;, (^ t D + + t 2 *) ) . 

Then it easy to see that 

(**> £) = ( v^ T i + T2 > \/^ T i + T 2 ) 

satisfies the conjugate relations for (St,S*) with respect to D because 
(£t,£t, S t , S%) is a (non-centered) 2)-Gaussian system. For example 

= L*{d) + L{d) = (J d(y)dy^j 1 = r(d)l, 

for d G T> because Ti and T 2 are D-free, and D G D is i?D-free from 
everything |Spl[ Lemma 3.2.4]. The other K^-identities are checked 
similarly. Furthermore £t, G L 2 ({S t , S^*} U D,r) because lemma IQ1 
says that actually Ti, T 2 G W*(St, D). 
We thus conclude that 

r(^,^:!D) = ||&||? + |l£ll? = 2||&||? 

= 2^r(T*ra) + 2r(T 2 T*) 

+2 v /^(r(E B (T 1 *T 2 *) + Ev{T 2 T x ))) 

since .Exrfreeness of Ti and T 2 implies that 

E^(T*T;) = E-r>(T 2 Ti) = 0. 

We have now shown that (Ct,Ct) ^ s a conjugate system for (St,S*), 
so by (IPT) 

<T(Z:!D) = 2- lim + !) = !. 

□ 
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7. 5* FOR A DT-OPERATOR WITH RESPECT TO C 

Let T x = U7{X U X) G M and T 2 = UT(X 2 ,A) G M be two E v ~ 
free upper triangular operators and let D G D be chosen such that 
D G W*(D + cTi). As in the previous section we define S t = \D + 

y^Tx + T*, and & = yJj^T* + T 2 . Z = D + cT x is a DT-operator 

and by lemma 15^31 every DT-operator can be realized in this way. 

The goal is to compute 5*(Z) := 5*(Z : C). Inspecting the proof of 
5*(Z : D) = 1 from sectionElwe observe that a crucial point in showing 
that (£t, £f) is a conjugate system for (S t , S^) is the use of the algebra T) 
to "cut out" the upper and lower triangular parts of S t and S£. Since D 
can not be contained in L 2 ({S t , S^},t) |Voi6[ Prop. p. 123] the above 
argument does not apply to compute S*(Z). By remark EH (c) it does 
however tell us that (£t,£*) satisfies the conjugate relations for (St, S^) 
with respect to C. Summarizing we have 
(7.1) 

5*{Z) > 2 - limsup $*{S t , S* : C) > 2 - limsup $*(S t , SI : D) = 1 

We would like to compute the Hilbert space projection 

P : L 2 ({S t , S;} UD,r) — > L 2 ({^, S*}, r). 

This however seems to be very difficult. Instead our strategy will be 
to estimate the distance from £ t to a suitable subspace of the orthog- 
onal complement of L 2 ({S t , S t },r) in L 2 ({S t , S?} U D,r) as t -> + . 
To do this we first produce an element in the orthogonal complement 

(L 2 ({S t ,^},r))^. 

Lemma 7.1. 



(7.2) j 4 :=[6,St] + [CA* 



c 2 +t 



(pl^ + p^T*]) 



+ 



c 2 +t 



T x + T 2 * 



6e/on^s to (L 2 ({S t ,S* t },r))^ mL 2 ({S () 5 ( *}UD,r). 

Remark 7.2. The above element, j f , is actually just Voiculescu's liber- 
ation gradient of (alg({5' t , S% }), D) |Voi61 section 5]. Voiculescu shows 
that the liberation gradient j(A,B), of two unital algebras A and B 
in a W / *-probability space (M, r) measures how r-free A and B are, 
in the sense that j(A,B) = if and only if A and B are r-free. The 
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liberation gradient j(A,B) satisfies 
(7.3) 

n 

r(j(A, B)aibi ■ ■ ■ a n b n ) = y^rj^h • ■ • b k - 1 a k )r(b k a k+1 b k+1 ■ ■ ■ a n b n ) 

k=l 

- r{a x b x ■ ■ ■ a fc _i6 fc _i)r(a fc 6 fc • ■ ■ a n b n )), 
for all a x , . . . , a n G A and b x . . . ,b n G B. 

Proof. Since is a conjugate system for (S t , S^) with respect to 

D it satisfies the conjugate relations (|2.1j) . Using l)2.1jl it is easy to 
show by direct computation that j t := St] + [C'^t] satisfies Q7.3[) . 
that is, 

(7.4) 

n 

r(j t S?d x ■ ■ ■ S\-d n ) = • • • d k _ 1 Si k )r(d k Si k+1 d k+1 ■ ■ ■ S\-d n ) 

k=l 

- r(S?d x ■ ■ ■ St^d^riSHk ■ ■ ■ Si n d n )), 

for all di, . . . ,d n G D and i x , . . . i n G {1, *}. Restricting (I7.4J) to the 
case where d x — • • • = d n = 1 G D we infer that 

r&Sj 1 • • • 5*0 = 

for all ii, . . . ,i n G {1, *}• The inner product of jt with monomials of the 
form S^ 1 • • • S\ n is thus zero, and since these monomials span a dense 
linear subspace of L 2 ({S t , S t *}, r) we conclude that j t J_ L 2 ({S(, S t *}, r). 
The last equality of l)7.2j) is easily checked by direct computation. □ 

We now use j t G W*(S t ) ± from ()7.2|) to give a new lower bound of 
8*{Z). 

Lemma 7.3. 

limsup$*(S t ,S; : C) 
t-+ o+ 

< 2dist 2 {T 2 ,W*{T 1 ){[D + cT 1 ,T 2 ) + [{D + cT x )*, T*])W*(T X )) 2 

Proof. Define S t = y/iS t = D + Vc 2 + tT x + yfiT*. We know that 
(7.5) <S>*(S t ,S;:C) = 2\\E wH§t) &)\\ 2 

Let A G ^*(D + cT 1 )([D + cT 1 ,T 2 ] + [( J D + cT 1 )*,T 2 *])W*(D + cT 1 ) and 
let e > 0. Choose polynomials p and q'm D + cT x and (£> + cT x )* such 
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that 

\\A - p(D + cT x , (D + cT x )*)([D + cT x , T 2 ] 

+ [{D + cTi)*, TZ})q{D + cT x , (D + cT x )*)\\ T < e. 

Define 

B(t)= P (s t ,s;)Vt M (s t ,s;) 

= P (S t ,S;) ((V^Tt-^) ([T X ,T 2 ] + [TIT*]) 

+ [£>, y^T* + T 2 ] + [D*, + T*]) g (£ t> 

for t > 0, and observe that 

B(0) = p(D + cT x , (D + cT x )*)([D + cT x ,T 2 ] 

+ [(D + cT x )* ,T%\)q{D + cT x , (D + cT x f). 

Then \\A-B(0)\\ T < e and \\B(t) - B(0)\\ -> for t -> 0+ Since by 
lemma 0.7t\/t G W^S?)" 1 also B(t) G W*^*)- 1 so 

||^(^(A)|| T <||£W- (&) (S(t))|| T + ||il-B(*)|| T = 0+||A-B(0||r, 

and thus 

]hnmj>\\E w . [§t) (A)\\ T <\\A-B{t)\\ T <e. 

Since e was chosen arbitrarily we conclude that 

(7.6) hm ||^^ t) (A)|| T = 0, 

for all A e W*(D + cTi)([D + cT x , T 2 ] + [(£> + cTi)*, T 2 *])W*(D + cl\). 
Now define 

a = dist 2 (T 2 , W*(T X )([D + cT 1; T 2 ] + [(£> + cT x ) * , T 2 *] ) W* (Ti ) ) . 

Since D G B is chosen such that D eW*{D + cT x ) we have W(Tx) = 
W*(D + cTi) so from (|7.6j) we conclude that 

\wa.sup\\E w *, S) (T 2 )\\ T < a, 

but since II-E^.^Ht < 1 an d since — T 2 || T — > for £ — > + we 
conclude that 

(7.7) limsup||£V ( <j t) (&)||r < a. 

Combining with (|7.5j) we have 

limsup$*(S t ,S t * : C) < 2a 2 . 

fr->Q+ 

□ 
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Lemma, 15771 can now be used to get rid of the [(D + cTi)*, T 2 *] -term 
in lemma, 177^1 

Proposition 7.4. 

(7.8) 

limsup$*(^,5; : C) < 2dist 2 (T 2 ,W*(T 1 )([D + cT 1 ,T 2 })W*(T 1 )) 2 . 
t-> o+ 

Proof. It is immediate that 

E = W^T^D + cT^} + [(£) + cTi)*,r 2 *])W*(Ti) IMlT 

is invariant under multiplication from the left and right with elements 
from W*(Ti). By lemmaOwe know that [D + cT x , T 2 ] & E so 

W*{T{)[D + cT u T 2 ]W*(T 1 ) C £. 

We thus have 

distaCTa.W^TOtD + cTx.Tj^Cr!)) > dist 2 (T 2 ,£) 

= dist 2 (T 2 , W*(T 1 )([ J D + cT\, T 2 \ + [(£> + c^)*, TZ\)W*(T X )), 

so the proposition follows from lemma l7~3l □ 

Let V^*(Ti)° be the opposite algebra, that is, W*(Ti)° is just W*(T X ) 
with multiplication reversed. 

Lemma 7.5. Let ® denote the von Neumann algebra tensor prod- 
uct, and equip W*(T\) with the usual faithful normal tracial state, r, 
and usual conditional expectation, E^, given by restriction to W*(Ti). 
There exists a positive functional, : W*(Ti)(&W*(Ti) — > C such that 

(i) < (j) <r®r° 

(it) r(T*aT 2 b) = <p{a ® b°) for a,b G W*(Tj). 

where b i— > 6° : W*(Ti) — > H^*(Ti)° is £/ie anti-multiplicative isomor- 
phism. 

Proof. For all a, 6 e W*(T{) we have 

r(T*aT 2 b) = J(J o E v (a)(t)dt \ E^(b){x)Ax 

= ! f E v (a)(t)E v (b)(x)h(t,x)dtdx, 

Jo Jo 

where 

w \ fl, t<a; 
V ' [0, t >x 
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for < x < 1. h{t,x) corresponds to an element H e D®D° such that 
< H < 1, so 

T(T*aT 2 b) = (r ® r °)(H(Ev(a) ® £3* (&)))• 

Since -Ed ® is a positive normal operator on W / *(Ti)®H / *(Ti)° we 
have 

: * ^ (r ® t*)(H(E v ® E^(z))) 

is a positive normal functional on W / *(T 1 )(8>H / *(T 1 )°. For 2 > we 
observe that 

<f>{z) < (r ® r°)((£ D ® £ D o)(z)) = (r ® r°)(z), 



so 



< < r (g> r°. 



□ 



i=l 



We want to estimate the distance a = dist 2 (T 2 , W*(T 1 )[D+cT 1 ,T 2 ]W*{T 1 )) 
from proposition O Let : W r *(T 1 )®W*(7i)° -> C be the state from 
lemma 17751 We observe that for ai, . . . , a n , bi, . . . , b n G W*{Ti) lemma 
17.51 implies that 



\T 2 -J2aiT 2 k]\ 2 T = \\T 2 \\ 2 T -2^rlj2 T ^ a ^ b 

\i=i 

+r(j2b*TXa j T 2 b 
4>{l ® 1) - 2*fttf> (^2^®$ 

\i,j=i 

' n 

1 ® 1 - a; ® fc? ] ( 1 ® - Oj ® b[ 

i=i 

/( 



< 



i=l 
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We thus have 

dist 2 (T 2 , W*{T X )[D + cT x , T*\W*{T X )) 



a 



< 



inf 

neN 



mf 

neN 



mf 

neN 
ai,feieVK*(Ti) 



mf 

neN 



T 2 - <( D + cT i) T 2 - T 2 (D + cTO)^ 

i=\ 
n 

T 2 - + cT^m - aiT 2 ((D + cT\)^ 

i=l 

1 <g> 1 - ^(o»(I? + cTi) ® 6° - a, g) + cTx) ) 

i=l 

1 <g> 1 - ( ^(o< <g> 6°) J ((£> + cT x ) <g> 1 - 1 ® (L> + cTx) ) 



i=l 



If we can show that ker^) = {0} for R := (D + cTi)<8>l-l<8>( J D + cTi)° 
then defining Qn = f n (R*R)R* where 



fn(t) 



for < t < - 

— — n 

1 for t > i 



we have Q n R = 1 i {R*R) so since ker(i?*i?) = ker(.R) = {0} we 

In' 00 ) 

have ||Q n i? - 1 <g> l|| T0rO -> 0. Since each Q n G W*(Ti)®W*(Ti)° can 
be approximated in the strong operator topology by operators of the 
form J2T=i a * ® b °i where °i e W*{T X ) and 6° G W*(T t )° it follows that 
a = 0. 

Combining this with theorem 17.41 we have 
(7.9) 

ker{{D + cT 1 )®l-l®( y D + cT 1 )°) = {0} limsup $*(S t , : C) = 0. 

By (|7.1jl this will imply that S*(T) > 2. So now the only remaining 
problem is to show that ker((L> + cT x ) ® 1 - 1 <g> (D + di) ) = {0}, 
and this will follow from the following "eigenspace'-results. 

Lemma 7.6. Let A,B G B(i?) 6e bounded operators on a Hilbert space, 
H, such that ker(B) = {0}. Define E x = {x G = Afix}. // 

Ai, . . . , A n G C are mutually different, then the corresponding subspaces 
E\ 1 , . . . , E\ n are all linearly independent. 

Proof. Let Ai, . . . , A n G C be mutually different complex numbers. We 
must show that Y^i=i x i = implies x x = ■ ■ ■ = x n = when Xi G E\ t 
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for all i G {1, . . . , n}. But Y^i=x x i = implies that 

n 

i=i 

for all k G {0, . . . , n — 1}. Since Xj G E Xi we have 

n 

o = j2 ^ Bkr 
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Multiplying by -B an appropriate number of times we obtain 

1 1 ■•• 1 ] \B n ~ 1 x{ 
Ai A2 ■ • • A n 



LAr 1 a™- 1 ••• A 



n-l 

n -i i- 



B n ~ 1 x ri 



0. 



Since the determinant on the left hand-side is a van der Monde de- 
terminant, which is exactly invertible for Ai, . . . , A n all mutually dif- 
ferent, we infer that B n ~ 1 x\ = ■■■B n ~ 1 x n = 0. Since ker(S) = {0} 
also ker(£? n_1 ) = {0} so X\ — ■ ■ ■ — x n — 0. Thus the "eigenspaces" 



E x 



E\ n are linearly independent. 



□ 



Lemma 7.7. Let 3\f C M(H) be a finite W* -algebra represented on a 
Hilbert space H. Let A,B G N, and define E\ = {x G H\Ax = \Bx}. 
IfkerB = {0} then 



(7.10) E Xn nE Xl + --- + E Xn _ 1 = {0}, 

when Ai, . . . , A n G C are mutually different. 

Proof. By lemma 17.61 we know that E Xl , . . . , E Xn are linearly indepen- 
dent for Ai, . . . , A n mutually different, so we have 

(7-11) E Xn n(E Xl + --- + E K _ 1 ) = {0}. 

Obviously E Xl + ■ ■ • + E Xn l and E Xn are subspaces of H affiliated with 
N, so theorem IA.2I implies that 



Ex n n E Xl + 



E Xn _, C E Xn nE Xl + --- + E Xn _ 1 



E Xn n(E Xl + --- + E Xn _ 1 )={0}. 



□ 



Proposition 7.8. Let A,B G B(if) be bounded operators on a Hilbert 
space, H , such that ker B = {0} and define E x = {x G H\Ax = \Bx}. 
Assume that A,B G N where 'N is a I Ii- factor with a faithful tracial 
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state, t. Let p\ be the projection onto E\. If Ai, . . . , X n are mutually 
different, then 

tn \ n 

i=i / i=i 

Proof. If p, g are two projections in N then it follows from Kaplansky's 
formula that 

(7.13) r(pV q) = r(p) + r(q) -r(p Aq). 

Define q^ = ViLiPj f° r & = 1, ••• ) ^ ! and put go = 0. Then g^ = 
Pit V qk-i and by lemma 17.71 pk A g^-i = for k > 1 since E\ k fl 
£ Al H h E Xk _ x = {0}. We thus conclude from (f7~T3j) that 

= T(p k ) +r(g fe _ 1 ), 

and thus also 

n 

r{q n ) = ^2r( Pj ). 

□ 

Corollary 7.9. Let A,B G B(if ) 6e bounded operators on a Hilbert 
space, H, such that ker B = {0} and define E\ = {x G if |Ac = A-Bx}. 
Assume that A,B G N where N is a ll\-f actor with a faithful tracial 
state, t. Let p\ be the projection onto E\. Then E\ = {0} except for 
countably many A G C. 

Proof. For any finite subset FcC proposition 17.81 implies that 




E^)<i, 

Aec 

and thus r{p\) = for all but countably many A G C. □ 
Corollary 7.10. 

ker((L> + cT x ) ® 1 - 1 ® (L> + c^) ) = {0}. 

Proo/. Define A x = 7\ ® 1 and 5 X = 1 <g> 7?. It follows from pTHTl 
Th. 8.9] that ker(S x ) = ker(l ® Tf) = {0} so corollary l?~9l applies. 
ker^^l-l®^ ) ^ {0} would imply that ker (T x ® 1-1® AT°) ^ {0} 
for any A G T in the unit circle of C, since T x and AT X have the same 
^distribution [DlTTI Prop. 2.12]. But then E x + {0} for all A G T 
which is not countable. This contradicts corollary 17. 91 so we must have 
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ker(T! ® 1 - 1 ® T°) = {0}. Next define A = D ® 1 - 1 ® D° and 
B = Ti®l-l®Tp. Then we have just seen that ker(5) = {0}, so 
since (A, B) and (A, XB) are equally *-distributed for any A G T we 
can use corollary 17.91 once more to conclude that kei((D + cT) ® 1 — 
1 <g> (D + cT)°) = {0}. □ 

Corollary EUni finishes the proof of 5*(T) > 2. It follows from propo- 
sition 13.41 used on the real and imaginary part of T that 5* (T) < 2 so 
we conclude that S*(T) = 2. 

Proceeding as in the proof of corollary 17. 101 we have following corol- 
lary on the point spectrum of DT-operators. 

Corollary 7.11. Every DT-operator has empty point spectrum. 

Proof. Let D + cT be a DT-operator for D G D and T G U7{X, c) 
for some compactly supported complex probability measure, /z, and 
some c > 0. Let 7 G C be fixed. Then (— 7I + D) + cT is again a 
DT-operator and the *-distribution of (— 7I + D) + cT is completely 
determined by the distribution of (— 7I + D) and c. Since AT and T 
are equally *-distributed for all A G T we infer that (— 7I + D) + cT 
and (— 7I + D) + AcT are equally ^-distributed for all A G T. By an 
argument similar to the one given in corollary 17.101 we infer that 

ker( 7 l - (D + cT)) = ker((- 7 l + D) + cT) = {0} 

for all 7 G C, so a p (D + cT) = 0. 

□ 

Appendix A. Affiliated subspaces 

This appendix is part of an unpublished master thesis |AZ| done in 
1985 by P. Ainsworth under supervision of U. Haagerup. The trans- 
lated title of the thesis is: Unbounded operators affiliated with a finite 
von Neumann algebra. 

Definition A.l. Let A be a finite von Neumann algebra represented 
on a Hilbertspace, H. Let £ be a subspace of H. We say that £ is 
affiliated to A if for all A' in the commutant, A', of A, and for all £ G £ 
we have ^4'£ G £. 

We say that an operator, T, is affiliated with the von Neumann 
algebra, A if T for every A' G A' we have A'@{T) C ®{T) and for all 
i G ®{T) we have A'T£ = TA'£, i.e. if TA' C A'T. 

It is an easy exercise to see that closures and intersections of affiliated 
subspaces are again affiliated subspaces. 

It is the purpose of this appendix is to give a proof of the following 
theorem. 
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Theorem A. 2. Let A be a finite von Neumann algebra represented on 
a Hilbert space H. Let £ and 3^ be subspaces of H affiliated with A. 
Then 

£ n W = Z7r$. 

The proof relies on the T-theorem. 

Theorem A. 3 (T-theorem). |Skl Cor. 2] Let A be a finite von Neu- 
mann algebra on a Hilbert space H and let £ G H. IfrjE AC, there 
exists a closed densely defined operator, T, affiliated with A such that 
£ G ®(T) andTC = rj. 

Actually we need the following version of the T-theorem for the corn- 
mutant of a finite von Neumann algebra. 

Corollary A. 4. Let A be a finite von Neumann algebra on a Hilbert 
space H. Then the T-theorem is valid for the commutant of A, that 
is for all 77 G A'£ there exists a closed densely defined operator, T, 
affiliated with A' such that £ G @(T) and T£ = 77. 

Proof. Let £, 77 G H such that 77 G A'£ and let p^ and p v be the pro- 
jections onto A£ and Arj respectively. By [KR, prop. 9.1.2.] p^ and p^ 
are finite projections in A'. By [KEJ 6.3.8.] the finiteness of p^ and p n 
implies that p := V p^ is a finite projection in A'. Now £, 77 G p(H), 
and since the commutant of .A is the finite von Neumann algebra 
pA'p the T-theorem (for the finite W / *-algebra pA'p) says that there 
exists a closed, densely defined (in p(H)) operator, T, affiliated with 
pA'p such T£ = 77. Now extend T to a closed operator which is densely 
defined in H be defining T = on the orthogonal complement of p{H). 
Then T is a closed, densely defined operator affiliated with A' such 
that f G 0(T) and T£ = 77. □ 

Lemma A. 5. Let A be a finite von Neumann algebra on a Hilbert space 
H. If (pi)i£i is an increasing net of projections in A and if p and q are 
projections in A such that pi /* p and q < p then pif\q/'pf\q = q 

Proof. By Kaplansky's formula we have 

q-qApi ~ qVpi - pi. 

Since Pi < p and q < p we have Pi V q < p, so 

q - q A pi ~ q V p % - p { < p - p { . 

{q A 77j)j e / is an increasing net of projections bounded above by p, so 
{q/\Pi)i£i converges to some projection r < p. For every normal tracial 
state, r, we now have 

r(q — r) = lim r(q — q A < lim r(p — Pi) = 0. 
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Since a finite von Neumann algebra has a faithful family of normal 
tracial states |Ta| Th. 2.4.] we infer that q = r, so q A Pi / q. □ 

As a final step towards proving theorem IA.2I we need the following 
key result. 

Theorem A. 6. Let A be a finite von Neumann algebra represented on 
a Hilbert space H. Let £ be a subspace of H affiliated with A. Then 
for all £ G £ and for all 5 > there exists A' E A' such that A'£ E £ 
and ||A'£-£|| < 5. 

Proof. The proof has three parts. First assume that £ = A'rj for some 
rj E H. Let £ G £. By corollary IA.4I the T-theorem is true for A' 
so there exists a closed densely defined operator, T, affiliated with A' 
such that r] G @(T) and £ = Trj. Let T = \T*\U be the right polar 
decomposition of T and define p n = l[o, n ](|T*|). Then p n £ — > £ in norm 
as n — > oo. Now 



p n £ = l [0in] (iT*|)iT*|^ 



where eA is the spectral measure of \T*\. Since J™ \de\ G A' and U E A' 
we have p n £ G .A'77 = £. Now choose n large enough to ensure that 
\\PnC — £11 < This proves the theorem in the first case. 

Secondly assume that £ = J^^i^-'Vk for some rjx, . . . ,T] n E H. De- 
fine fj = (rji, . . . , r] n ) E H® n . and observe that for A[, . . . , A' n G A' we 
have 

Mi ••• 4A /r7X /ELi^A 
o ••• o r'M o 



o/ 




V 



o 



/ 



so £ := (£ ; 0, ...,0) G M n (yL')r/. Identify A with its unital embed- 
ding as diagonal operators in M n (A). With this identification A is the 
commutant of M n (A'), so the idea is now to use the first part of the 
proof on the subspace M n (A')fj of H® n and the von Neumann algebra 
A represented on H® n with commutant M n (A f ). The first part of the 



proof thus gives us an A' E M n (A') such that 
A'i E M n (A')fj. If A' = (^)&=i then of course 



A'£-£ 



< 5, and 



'A' 



ii 



A'i 



A' 



A' 



AL, 



1 



W 
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SO 

2 



>\\A' n £-£ 



i2 



and furthermore since A'£ G M n (A')fj there exists 5' = (-B^-)"- =1 G 
M n (yL') such that 

it 

A' u £ = (A'Oi = (£'77)1 = g £, 

it=i 

so G A' satisfies the theorem in the second case. 

As the third and final case assume that £ is an arbitrary subspace 
of H affiliated with A. Define £j = J2 v e.j A't) f° r a ^ finite subsets, 
J, of £. Then (£j) is a upward filtering net ordered by inclusion with 
upper bound £, so if pj denotes the projection onto the closure of 
the subspace £j and p denotes the projection onto the closure of the 
subspace £ then (pj) is an increasing net of projections that converges 
strongly to p. 

Let £ G £ and let q be the projection onto the closure of the subspace 
A'S,. Then q G A and since A'C, C £ we have q < p so pj A q /* q by 
lemma lA~5l Choose J a finite subset of £ such that 

(A.l) \\(Pj A q)Z ~ Z\\ < i 



We know that (pj A g)£ G .A'£ so the first part of the proof gives us an 
A' G A' such that A'(pj A q)£ G -A'£ and 

(A.2) \\A'(pjAq)£-(jpjAq)£\\<~. 
Choose 5' G A' such that 5'f = A'(pj A g)£. Since 



= A'{pj A g)£ = (pj A g)A'£ C = J^A'V 

T/gJ 

the second part of the proof gives us a C G A' such that 
(A.3) HCB^-B'^II < - 

and C"5'£ G E^jA'tj £ £■ Combining jH}, and jXH} we 

have 

\\C'B'Z-Z\\ < \\C'B'£- B'£\\ 

+ \\A'(pj A q)£ - (pj A g)£|| + A g)£ - g£|| 

5 5 <5 f 

< - H h - = 5, 

3 3 3' 

so C'B' G A' proves the theorem in the third case. □ 
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Proof of theorem, \A.3L Let £ and £F be subspaces of H affiliated with the 
finite von Neumann algebra A as stated in the theorem. Let £ G 8,0$ C 
£. By theorem lA.61 there exists an A' G .A' such that ||v4'£ — £|| < | for 
arbitrary <5 > and such that A'£ G £ and A'£ G £ fl 3" C 3 r . Applying 
theorem IA.6I again we obtain a B' E A' such that ||£'(A'£) — A'£|| < 
| and such that B'(A'£) G 3 r . Since £ is affiliated with A we have 
B'(A'f) G £ and thus £'A'£ G £ fl 3\ The inequalities imply that 

WB'A'i - £|| < \\B'A'i - A'i\\ + \\A'Z - £|| < 5 - + ~ = 5. 

Since 5 > is arbitrary we conclude that £ fl 3 C £("13. Conversely 
£ n 3 C £ n J which is closed in so £ n 3 C £ n 2. □ 
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